Estimates for the elastic moduli of random trigonal polycrystals and their macroscopic uncertainty  by Chinh, Pham Duc
International Journal of Solids and Structures 44 (2007) 2763–2772
www.elsevier.com/locate/ijsolstrEstimates for the elastic moduli of random trigonal
polycrystals and their macroscopic uncertainty
Pham Duc Chinh *
Vietnamese Academy of Science and Technology, Institute of Mechanics, Vien Co hoc, 264 Doi Can, Ba dinh, Hanoi, Viet Nam
Received 4 July 2006; received in revised form 16 August 2006
Available online 1 September 2006Abstract
Explicit expressions of the upper and lower estimates on the macroscopic elastic moduli of random trigonal polycrystals
are derived and calculated for a number of aggregates, which correct our earlier results given in Pham [Pham, D.C., 2003.
Asymptotic estimates on uncertainty of the elastic moduli of completely random trigonal polycrystals. Int. J. Solids Struct.
40, 4911–4924]. The estimates are expected to predict the scatter ranges for the elastic moduli of the polycrystalline mate-
rials. The concept of eﬀective moduli is reconsidered regarding the macroscopic uncertainty of the moduli of randomly
inhomogeneous materials.
 2006 Elsevier Ltd. All rights reserved.
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Because of random irregular microgeometry, the macroscopic properties of practical polycrystalline mate-
rials may not be unique but scatter over certain intervals, which are subject of many studies (Hill, 1952;
Hashin and Shtrikman, 1962; Zeller and Dederichs, 1973; Sermergor, 1977; Warra et al., 1977; Williemse
and Caspers, 1979; Helsing, 1994; Pham, 2001, 2006). Randomness does not mean arbitrariness, and excludes
fully or partly ordered microgeometries, such as the textured ones (e.g. aligned crystals making anisotropic
aggregates) or artiﬁcial optimal conﬁgurations (e.g. the macroscopically isotropic one of maximal conductivity
designed by Schulgasser (1977)). Because of randomness, the practical random polycrystalline materials
appear macroscopically homogeneous and isotropic, and have such deﬁnite macroscopic properties that
can be tabulated safely for applications (with possible small uncertainty). In that case the randomness implies
certain geometric restrictions of statistical character. In particular, it has been assumed that certain tensors
characterizing the microgeometry of the random polycrystals are isotropic (statistical isotropy hypothesis),
and an interchange of the places between any two sets of crystals of two diﬀerent crystalline orientations
should not alter the overall characteristics of the aggregate (statistical symmetry hypothesis), but the particular0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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the reality. Because third or higher order bounds on the macroscopic properties would require shape and other
arrangement information about the grains within an aggregate be speciﬁed (McCoy, 1981) – the information is
unlikely to be deﬁnite for the real-world irregular polycrystals, our shape-unspeciﬁed partly third order
bounds derived in Pham (2006) might be close to the best possible ones for the random polycrystals. Here
we apply the formal bounds of Pham (2006) to derive explicit expressions for the aggregates of trigonal crys-
tals with numerical illustrations. Finally, we reconsider the concept of eﬀective moduli regarding their macro-
scopic uncertainty.
2. Estimates for trigonal crystal aggregate
The elastic tensor C of trigonal crystals of classes 3m; 32; 3m in its base crystal reference is expressed
through 6 elastic constants, which in the two-index notation are given as C11, C12, C13, C14, C33, C44. The cor-
respondence between the usual fourth-rank elasticity tensor components Cijkl and those in the two-index nota-
tion Cab isC11 ¼ C1111 ¼ C2222; C33 ¼ C3333; C44 ¼ C1313 ¼ C2323; C13 ¼ C1133 ¼ C2233;
C12 ¼ C1122; C1212 ¼ 1
2
ðC11  C12Þ; C14 ¼ C1123 ¼ C2223 ¼ C1312;
ð1Þwhile other independent elastic constants are equal to zero. The property functions playing central part in our
estimates have particular expressions:PkðC; k0; l0Þ ¼ ½ðCþ CÞ1iijj1  k ¼
ðCþ11 þ Cþ12 ÞCþ33  2ðCþ13 Þ2
Cþ11 þ Cþ12  4Cþ13 þ 2Cþ33
 k;
P lðC; k0; l0Þ ¼
2
5
ðCþ CÞ1ijij 
2
15
ðCþ CÞ1iijj
 1
 l
¼ 15
2
2Cþ11 þ 2Cþ12 þ 4Cþ13 þ Cþ33
Cþ33 ðCþ11 þ Cþ12 Þ  2ðCþ13 Þ2
þ 3C
þ
11  3Cþ12 þ 6Cþ44
Cþ44 ðCþ11  Cþ12 Þ  2C214
" #1
 l;
ð2ÞwhereCþ11 ¼ C11 þ k þ
4
3
l; C
þ
33 ¼ C33 þ k þ
4
3
l; C
þ
44 ¼ C44 þ l; Cþ12 ¼ C12 þ k 
2
3
l;
Cþ13 ¼ C13 þ k 
2
3
l; C
 ¼ Tðk; lÞ; k ¼
4
3
l0; l ¼ l0
9k0 þ 8l0
6k0 þ 12l0
;
ð3ÞT(k,l) is the isotropic fourth-rank tensor function with componentsT ijklðk; lÞ ¼ kdijdkl þ l dikdjl þ dildjk  2
3
dijdkl
 
; ð4Þdij is usual Kronecker symbol, conventional summation on repeating Latin indices is assumed. Not only our
general bounds given below, but also Hashin–Shtrikman bounds, the bounds for spherical cell polycrystals,
and the self-consistent approximation can be expressed simply and explicitly through these property functions
(Pham, 2003, 2006).
The formal bounds on the macroscopic (eﬀective) moduli Ce of the random polycrystals constructed from
minimum energy and complementary energy principles are given as (Pham, 2006)e0 : Tðkl; llÞ : e0 6 e0 : Ce : e0 6 e0 : Tðku; luÞ : e0; 8e0: ð5Þ
Firstly we consider the upper bound ku from (5), which has the formku ¼ inf
k0;l0
PkðC; k0; l0Þjk0 P kV; l0 P lV;UKg1 6 0;UKf 1 þ
6
7
UKg1 6 0
 
; ð6Þ
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2h2
315
 
þ C0iikkDjlppDjlqq
2h2
315
þ C0ijijDkkppDllqq
2h2
315
þ C0ijijDklppDklqq 
h2
63
 
þ C0iiklDklppDjjqq
4h
105
 4h
2
315
 
þ C0iiklDkjppDljqq
16h2
315
 2h
35
 
þ C0ijkjDikppDllqq
16h2
315
 2h
35
 
þ C0ijkjDilppDklqq
1
10
 4h
2
315
 4h
35
 
þ C0ijklDijppDklqq
8h
105
 1
15
 13h
2
315
 
þ C0ijklDikppDjlqq
1
10
 4h
35
þ 16h
2
315
 
; ð7Þ
UKg1 ¼ C0iikkDjjppDllqq
h2
945
þ C0iikkDjlppDjlqq 
h2
378
 
þ C0ijijDkkppDllqq 
h2
378
 
þ C0ijijDklppDklqq
h2
54
þ C0iiklDklppDjjqq 
h2
945
 
þ C0iiklDkjppDljqq 
4h2
189
 
þ C0ijkjDikppDllqq 
4h2
189
 
þ C0ijkjDilppDklqq
10h2
189
þ C0ijklDijppDklqq
43h2
1890
þ C0ijklDikppDjlqq 
4h2
189
 
; ð8Þ
Dijkl ¼ 1
2
ðdikdjl þ dildjkÞ  dkl kþ  2
3
lþ
 
ðCþ CÞ1ijnn  2lþðCþ CÞ1ijkl;
kþ ¼ PkðC; k0; l0Þ þ k; lþ ¼ P lðC; k0; l0Þ þ l;
C0 ¼ C Tðk0; l0Þ; h ¼
3k0 þ l0
3k0 þ 4l0
;
ð9ÞkV and lV are Voigt averages. Note that there is a typographical error in the indices of the last term of UKf1
given in Pham (2006). Following Pham (2003), we use short hand notations C0ab and Dab instead of C
0
ijkl and
Dijkl to represent results for our trigonal case. Remember that, like Cab, C
0
ab ¼ C0ba , but we have D135 D31,
while
P3
a;b¼1Dab ¼ 0. For the trigonal crystals (1) the expressions given in (6)–(8) are simpliﬁed toUKg1 ¼ UKg 1
2
ðD33 þ 2D31Þ2; ð10Þ
UKg ¼  h
2
126
ð2C011 þ 2C012 þ 4C013 þ C033 Þ þ
h2
18
ð3C011  C012 þ C033 þ 4C044 Þ
 4h
2
189
ðC011 þ C012 þ 5C013 þ 2C033 Þ þ
43h2
1890
ðC011 þ C012  4C013 þ 2C033 Þ
þ 2h
2
63
3
2
C011 
1
2
C012 þ 2C033
 
þ 22h
2
63
C044 ; ð11Þ
UKf 1 þ 6
7
UKg1 ¼ UKfg 1
2
ðD33 þ 2D31Þ2; ð12Þ
UKfg ¼ 3h
2
245
ð2C011 þ 2C012 þ 4C013 þ C033 Þ þ
8h2
245
 2h
35
 
ðC011 þ C012 þ 5C013 þ 2C033 Þ
þ 8h
105
 1
15
 16h
2
735
 
ðC011 þ C012  4C013 þ 2C033 Þ
þ 1
10
 4h
35
þ 8h
2
245
 
ð3C011  C012 þ 4C033 þ C044 Þ; ð13Þ
2766 P.D. Chinh / International Journal of Solids and Structures 44 (2007) 2763–2772Particular expressions of Dab and Voigt averages kV, lV are given in Pham (2003). With (10)–(13), the upper
bound (6) is simpliﬁed toku ¼ inf
k0;l0
fPkðC; k0; l0Þjk0 P kV; l0 P lV;UKg 6 0;UKfg 6 0g: ð14ÞWe see that Dab fall out of the expressions of the bound (14). However, as we can see, in the case of l
u, we need
Dab, and the expressions are more complicatedlu ¼ inf
k0;l0
fP lðC; k0; l0Þjk0 P kV; l0 P lV;UMg1 6 0;UMfg 6 0g; ð15ÞwhereUMg1 ¼ UMg  UKg 1
6
ðD33 þ 2D31Þ2;
UMfg ¼ UMf1 þ 6
7
UMg1 ¼ UMf þ 6
7
UMg  UKfg 1
6
ðD33 þ 2D31Þ2;
ð16ÞUKg and UKfg are from (11) and (13); UMf and UMg have the forms similar to those of UKf1 from (7) and UKg1
from (8), respectively, with all tensor components Dijpp and Dijqq being substituted by Dijpq, whereC0iikkDjjpqDllpq ¼ ð2C011 þ 2C012 þ 4C013 þ C033 Þ
3
2
ðD33 þ 2D13Þ2;
C0iikkDjlpqDjlpq ¼ ð2C011 þ 2C012 þ 4C013 þ C033 Þð3D211 þ 3D212  2D11D12
þ D233 þ 2D213 þ 2D231 þ 8D244 þ 16D214Þ;
C0ijijDkkpqDllpq ¼ ð3C011  C012 þ C033 þ 4C044 Þ
3
2
ðD33 þ 2D13Þ2;
C0ijijDklpqDklpq ¼ ð3C011  C012 þ C033 þ 4C044 Þð3D211 þ 3D212  2D11D12
þ D233 þ 2D213 þ 2D231 þ 8D244 þ 16D214Þ;
C0iiklDklpqDjjpq ¼ ½ðC011 þ C012 þ C013 Þð2D13  D11  D12Þ
þ ðC033 þ 2C013 ÞðD33  D31ÞðD33 þ 2D13Þ;
C0iiklDkjpqDljpq ¼ ðC011 þ C012 þ C013 Þð3D211 þ 3D212  2D11D12 þ 2D213 þ 4D244
þ 10D214Þ þ ðC033 þ 2C013 ÞðD233 þ 2D231 þ 4D244 þ 4D214Þ;
C0ijkjDikpqDllpq ¼
3
2
C011 
1
2
C012 þ C044
 
ð2D13  D11  D12Þ

þðC033 þ 2C044 ÞðD33  D31Þ
ðD33 þ 2D13Þ;
C0ijkjDilpqDklpq ¼
3
2
C011 
1
2
C012 þ C044
 
ð3D211 þ 3D212  2D11D12 þ 2D213 þ 4D244
þ 10D214Þ þ ðC033 þ 2C044 ÞðD233 þ 2D231 þ 4D244 þ 4D214Þ;
C0ijklDijpqDklpq ¼ C011 ð3D211 þ 3D212  2D11D12 þ 2D213 þ 8D214Þ þ C033 ðD233 þ 2D231Þ
þ C012 ð2D213  D212 þ 6D11D12  D211  8D214Þ þ 16C044 ðD244 þ D214Þ
þ 4C013 ðD11D31 þ D12D31 þ D13D33Þ þ 16C014 D14ðD11  D12 þ 2D44Þ;
C0ijklDikpqDjlpq ¼ C011
5
2
D211 þ
5
2
D212 þ D11D12 þ 3D213 þ 4D214
 
þ C033 ðD233 þ 2D231Þ
þ C012
1
2
D211 þ
1
2
D212  3D11D12  D213 þ 4D214
 
þ 8C013 ðD244 þ D214Þ
þ 4C044 ðD11D31 þ D12D31 þ D13D33 þ 4D214Þ þ 8C014 D14ðD11  D12 þ 4D44Þ:
ð17Þ
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The up
lu – th
MgCO
CaCO
Bi
Al2O3
SiO2
AlPO4
Sb
Bi2Te3
CdI2
CrO3
Fe2O3
FeBO3
PbI2
LiTaO
KBrO3
Se
Te
As
Ti2O3
NaNO
LiNbO
C14H1
NH4Sn
K3Cu(kl ¼ sup
k0;l0
fPkðC; k0; l0Þjk10 P k1R ; l10 P l1R ;UKg 6 0;UKfg 6 0g;
ll ¼ sup
k0;l0
fP lðC; k0; l0Þjk10 P k1R ; l10 P l1R ;UMg1 6 0;UMfg 6 0g;
ð18Þwhere UKg;UKfg;UMg1;UMfg have the same forms as those of UKg, UKfg, UMg1, UMfg from (11), (13), (16), with
C0ab and Dab taking the places of C
0
ab and Dab , respectively; particular expressions of C
0
ab ;Dab and Reuss aver-
ages kR, lR are presented in Pham (2003). The simple bounds for the idealistic spherical cell polycrystals re-
main identical to those given in Pham (2003).3. Numerical results
Numerical results for the bounds (5), (14), (15), (18) on the eﬀective elastic moduli of the random aggregate
of trigonal crystals, the elastic constants Cab of which are taken from Landolt-Bo¨rnstein (1979) and Watt and
Peselnick (1980), and collected also in Pham (2003), are given in Table 1. The bounded intervals are consid-
erably larger than those of Pham (2003), because the latter bounds are based on a simplifying assumption on
the form of certain isotropic eight-rank tensors, which implies an artiﬁcial restriction on the aggregate
microgeometry [consult for more details in Pham (2006)]. Comparisons with the results of Pham (2003) also
indicate that our partly third order bounds (5) are considerably tighter than Hashin–Shtrikman second order
bounds (and certainly also the ﬁrst order Hill bounds), but may be less tight than the simple third order
bounds for speciﬁc spherical cell polycrystals approximating practical equiaxed particulate aggregates.
Because of simplicity, the latest bounds can be taken as ﬁrst rough estimates on the possible scatter ranges
for the macroscopic elastic moduli of particulate polycrystalline materials. It should be exciting to make highly
accurate measurements on the macroscopic elastic moduli of practical random polycrystalline materials as
well as the elastic constants of the base crystals, to access the possible scatter ranges and to compare with1
per and lower bounds on the eﬀective elastic moduli of random trigonal polycrystals: kl, ku – the bounds for the bulk modulus; ll,
e bounds for the shear modulus (all in GPa); Sk = (k
u  kl)/(ku + kl) , Sl = (lu  ll)/(lu + ll) – the respective scatter measures
kl ku Sk (%) l
l lu Sl (%)
3 113.8 114.1 0.15 67.73 68.07 0.25
3 74.73 75.35 0.41 29.88 30.66 1.3
33.84 34.01 0.26 12.33 12.63 1.2
251.1 251.1 0.001 163.4 163.4 0.016
37.67 37.69 0.026 43.99 44.30 0.35
71.64 72.47 0.58 24.92 25.37 0.89
42.63 43.82 1.4 26.09 27.34 2.3
37.06 37.12 0.088 19.26 19.70 1.1
18.69 18.86 0.43 8.446 8.498 0.31
234.0 234.0 0.0005 123.1 123.2 0.055
97.77 97.78 0.005 93.08 93.11 0.016
223.7 223.9 0.046 114.9 115.2 0.11
15.45 15.46 0.036 6.521 6.583 0.47
3 124.8 124.8 0.02 92.06 92.07 0.006
21.53 21.70 0.4 13.02 13.18 0.63
13.84 18.47 14 6.721 7.818 7.5
24.66 25.81 2.3 14.10 15.77 5.6
65.8 69.31 2.6 16.41 23.73 18
208.0 208.0 0.0002 94.53 94.58 0.031
3 28.17 28.26 0.17 11.71 12.01 1.3
3 114.8 114.8 0.016 67.78 67.80 0.014
0O2 5.824 5.845 0.19 1.884 1.926 1.1
F3 15.33 15.38 0.17 5.310 5.394 0.78
CN)4 17.33 17.33 0.008 6.091 6.096 0.04
2768 P.D. Chinh / International Journal of Solids and Structures 44 (2007) 2763–2772the bounds established here. The results reported in Table 1 show that the elastic moduli of most polycrystals
seem to be determinable with just about two or three signiﬁcant digits. Numerical simulation on random
Voronoi or Delaunay models of polycrystals to access the possible macroscopic uncertainty of the eﬀective
properties should also be attractive but is a formidable task. The numerical results for the much more simple
two-dimensional random Voronoi cell material indicate that the scatter deviation measure for the macroscopic
elastic moduli of the aggregate may be high up to few percents of the average moduli (Silva et al., 1995; Li
et al., 2005), qualitatively in agreement with experimental observations.
4. Eﬀective moduli and the macroscopic uncertainty
Let us consider a body B made of an inhomogeneous material. The actions of external agencies over B cre-
ate the local stress ﬁeld r(x), which in steady state satisﬁes the equilibrium equationr  rðxÞ ¼ 0; x 2 B; ð19Þ
and is related to the corresponding local strain ﬁeld e(x) via a local linear constitutive relationrðxÞ ¼ CðxÞ : eðxÞ; ð20Þ
where C(x) is the fourth order elasticity tensor, which represents the respective properties of the constituent
inhomogeneities. The strain in tern can be written as a symmetrized gradient of displacementseðxÞ ¼ 1
2
½ruðxÞ þ ruðxÞT: ð21ÞWithin the framework of continuum mechanics, the equations (19)–(21) applied anywhere in the heteroge-
neous material imply that the traction vector r Æ n and the displacement u are continuous across the interface
between the inhomogeneities (n is the vector normal to the interface). We consider an in situ volume element
occupying a region V inside the body B. Representative volume element (RVE) is often presumed to be suf-
ﬁciently small compared to B and other macroscopic dimensions of interest, while being suﬃciently large com-
pared to the microscopic sizes of the inhomogeneities. The particular values of the in situ ﬁelds on V will be
designated speciﬁcally as u*(x), e*(x), r*(x), while we reserve the usual notations u(x), e(x), r(x) for the general
purpose. The volume average on V of any object, e.g. e(x), is deﬁned as hei ¼ 1V
R
V eðxÞdx, where V is also used
to represent the volume of the region V. The in situ apparent moduli (Cer,Ce,Cr) of the in situ volume element V
are expressed via the constitutive deﬁnition ashri ¼ Cer : hei; ð22Þ
and via the energetic deﬁnitions ashei : Ce : hei ¼ he : C : ei ¼ he : ri ¼ hr : C1 : ri ¼ hri : ðCrÞ1 : hri: ð23Þ
From the deﬁnitions, the in situ apparent moduli are related byCe ¼ Cer : ðCrÞ1 : Cer: ð24Þ
Generally Cer, Ce, Cr diﬀer. However for those particular ﬁelds that satisfy Hill (1963) conditionhe : ri ¼ hei : hri; ð25Þ
they are agreeable to be called unanimously the in situ apparent moduli CACA ¼ Cer ¼ Ce ¼ Cr: ð26Þ
Various deﬁnitions of the eﬀective moduli are used in the literature (Hill, 1963; Beran, 1968; Sermergor,
1977; Christensen, 1979; Sanchez-Palencia, 1980; Berdichevski, 1983; Nemat-Nasser and Hori, 1993; Torqu-
ato, 2002, etc.). The most frequently used deﬁnitions of the eﬀective moduli (CU,CT) in the literature are those
with idealistic uniform displacement boundary conditions on oVe0 : CU : e0 ¼ inf
ujoV ¼e0x
he : C : ei; ð27Þ
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rnjoV ¼r0njoV
hr : C1 : ri; ð28Þwhere n is the unit vector normal to the boundary oV of V; e0 and r0 are constant tensors; Trial ﬁelds e in (27)
and r in (28) are required implicitly to satisfy equations (21) and (19), respectively. Optimal solutions of both
problems (27) and (28) satisfy Hill condition for every one to yield unique apparent moduli from both con-
stitutive (22) and energetic (23) viewpoints. It has been established (Huet, 1990) that CUP CT (in the sense
that e0 Æ CU Æ e0P e0 Æ CT Æ e0, "e0). Moreover, the Hill condition holds also for the problems on V with orthog-
onal uniform mixed boundary conditions (Hazanov and Huet, 1994; Jiang et al., 2001), which form the base
for usual experimental measurements of the macroscopic moduli, and the resulting apparent moduli fall be-
tween CU and CT. The question is how our in situ apparent moduli Cer, Ce, Cr from (22), (23) are compared
with the uniform boundary ones CU, CT from (27), (28) often used as the benchmarks for the eﬀective moduli,
without complete mathematical justiﬁcation?
The principle of minimum of the potential energy applied to the problem (28)U eðeÞ ¼ 1
2
Z
V
e : C : edx
Z
oV
u  r0  ndsx ð29Þstates that among all admissible kinematic ﬁelds e satisfying (21), the exact solution of (28) will render the po-
tential energy (29) the minimum value. For that exact solution e, r we haveU eðeÞ ¼ 1
2
Z
V
e : C : edx
Z
oV
u  r0  ndsx ¼  1
2
Z
V
e : C : edx ¼  1
2
Z
V
r : C1 : rdx ¼  V
2
r0
: ðCTÞ1 : r0: ð30Þ
On the other hand, putting the in situ ﬁeld u*, e* from (23) as a trial ﬁeld into (29), we obtainU eðeÞ ¼ 1
2
Z
V
e : C : e dx
Z
V
r  ðr0  uÞdx ¼ V
2
hei : Ce : hei  V r0 : hei: ð31ÞThen, taking r0 = CT : he*i, from (30), (31) and the statement of the minimum potential energy principle that
Ue(e) 6 Ue(e*), we get the ﬁrst estimationCT 6 Ce: ð32Þ
Furthermore, the principle of minimum of the complementary energy applied to the problem (27)UrðrÞ ¼ 1
2
Z
V
r : C1 : rdx
Z
oV
ðr  nÞ  ðe0  xÞdsx ð33Þstates that among all admissible static ﬁelds r satisfying (19), the exact solution of (27), (20) will render the
complementary energy (33) the minimum value. For that exact solution e, r we haveUrðrÞ ¼ 1
2
Z
V
r : C1 : rdx
Z
oV
ðr  nÞ  ðe0  xÞdsx ¼  1
2
Z
V
r  C1  rdx ¼  1
2
Z
V
e : C : edx
¼  V
2
e0 : CU : e0: ð34ÞOn the other hand, putting the in situ ﬁeld r* from (23) as a trial ﬁeld into (34), we obtainUrðrÞ ¼ 1
2
Z
V
r : C1 : r dx
Z
V
r  ½r  ðe0  xÞdx ¼ 1
2
Z
V
r : C1
: r dx
Z
V
½e0  r þ ðe0  xÞ  ðr  rÞdx ¼ V
2
hri : ðCrÞ1 : hri  V e0 : hri; ð35Þtaking into account that r* satisﬁes Eq. (19). Then, taking hr*i = Cr : e0, from (34), (35) and the statement of
the minimum complementary energy principle that Ur(r) 6 Ur(r*), we get another estimation
2770 P.D. Chinh / International Journal of Solids and Structures 44 (2007) 2763–2772Cr 6 CU: ð36Þ
Other deﬁnitions of the eﬀective moduli ðCe;CrÞ used in the literature include that with average strain ﬁeld
constrainte0 : Ce : e0 ¼ inf
hei¼e0
he : C : ei; ð37Þand that with average stress constraintr0 : ðCrÞ1 : r0 ¼ inf
hri¼r0
hr : C1 : ri; ð38Þwhere e0 and r0 are constant tensors; Trial ﬁelds e in (37) and r in (38) are required implicitly to satisfy kine-
matic (21) and static (19) restrictions, respectively. Comparing (23) and (37), and taking e0 ¼ hei, one sees that
Ce 6 Ce, since the in situ ﬁeld e* from (23) is just a trial ﬁeld for (37). One may check that the optimal solution
r = C : e of (37) satisﬁes some uniform boundary condition r  njoV ¼ r^0  n (where r^0 ¼ const), hence
hri ¼ r^0 ¼ Ce : e0. If we take r0 ¼ r^0, then the solution of (28) coincides with that of (37), and we haveCT ¼ Ce 6 Ce; ð39Þ
and (32) is also recovered. Similarly, comparing (23) and (38), and taking r0 ¼ hri, one sees that Cr P Cr,
since r* from (23) is just a trial ﬁeld for (38). The optimal solution r and the respective e, u from (38) corre-
spond to some uniform boundary condition ujoV ¼ e^0  x (where e^0 ¼ const), hence r0 ¼ Cr : e^0. If we take
e0 ¼ e^0, then the solution of (27) coincides with that of (38) and we haveCU ¼ Cr P Cr; ð40Þ
which also recovers (36).
Other deﬁnitions of the eﬀective moduli developed in the literature are those based on a periodic cell with
periodic boundary conditions and the constraint on the average strain hei = e0 , or the constraint on the aver-
age stress hri = r0. Compare the respective energetic deﬁnitions of the eﬀective moduli designed here as C^e and
C^r with those of (37) and (38), it is immediately clear that C^e P Ceð¼ CTÞ, and C^r 6 Crð¼ CUÞ, which are
similar to (39) and (40).
We cannot apply the usual apparatus of continuum mechanics to the eﬀective medium with three distinct
in situ apparent moduli Cer, Ce, Cr from the constitutive (22) and energetic (23) deﬁnitions. For them to be
agreeable, we choose those mild in situ ﬁelds e*, r* that satisfy Hill condition (25) to represent the macroscopic
behaviour of the medium. Because of (25), the apparent moduli CA is deﬁned unanimously as stated in (26).
Then (32), (36) and (26) are combined to yieldCT 6 CA 6 CU; ð41Þ
which means that our in situ apparent moduli CA is well controlled by the bench mark uniform boundary ones
CT and CU. As the size of the volume element V increases, CT, CA, CU are expected to converge toward each
other, and eventually converge to the unique eﬀective moduli – that is the traditional views. Generally how-
ever, the moduli CT, CA, CU (of the same V) converge toward each other does not necessarily mean they
should converge to some unique limit, but just converge to fall within some uncertainty limits. Then any value
within the interval may be called a (possible) eﬀective moduli tensor (Ce) of the randomly inhomogeneous
medium, and the full macroscopic characterization of the material requires the determination of the whole
macroscopic uncertainty in the sensee0 : Cl : e0 6 e0 : Ce : e0 6 e0 : Cu : e0; 8e0: ð42Þ
Even if Cl and Cu should be isotropic as for statistically isotropic composites [see (5)], Ce may be accidently
slightly anisotropic as allowed by the bounds. Statistical homogeneity and isotropy hypotheses should also be
understood in the broader sense that allows for the possible small uncertainty (5) speciﬁc for every particular
random system. Clearly one can imagine theoretically all possible composites with diﬀerent degrees of ran-
domness. However only those theoretical estimates or computer-generated models that approximate the
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world should be of practical interest.
Preliminary numerical results for two-dimensional random Voronoi cell materials (Silva et al., 1995; Li
et al., 2005) reveal that the macroscopic elastic moduli of the materials appear not to be unique but scatter
over some interval. Still, larger samples, larger number of specimens, stronger and more complete numerical
scheme are desired to achieve more convincing quantitative results. In the mentioned papers, each cell wall is
approximated as a three-node beam element, which involves bending, stretching and shearing deformation
mechanisms. Though the model is more realistic in representing the practical cellular materials in use, for
the ﬁrst theoretical investigation on the macroscopic uncertainty, one may choose the more exact and simple
random Delaunay pin-connected truss model of the cell material. Numerical assessments should be based on
(42) (for statistically homogeneous composites) or (5) (for statistically homogeneous and isotropic compos-
ites), not just be made for a separate elastic constant corresponding to the respective speciﬁc kind of macro-
scopic deformation. One cannot access the macroscopic uncertainty of just some separate eﬀective constant,
while presuming exact macroscopic isotropy of the random aggregate. As already stated, statistical isotropy
assumption does not forbid Ce of a specimen to be accidentally slightly anisotropic according to (5) (only Cl
and Cu are required to be exactly isotropic). For statistically isotropic composites, spherical (circular) RVE is
desired in a numerical scheme to avoid the possible apparent anisotropic eﬀect of its conﬁguration.
Here we do not consider the eﬀect of ﬁnite size of RVE relative to the sizes of the inhomogeneities [consult
e.g. (Huet, 1990; Drugan and Willis, 1996; Torquato, 2002; Ostoja-Starzewski, 2006)], and possible imperfect
contact between the inhomogeneities, which clearly contribute to the larger uncertainties.
5. Conclusion
We support the views that the macroscopic moduli of randomly inhomogeneous materials (in the large
RVE limit) generally are not unique, but scatter over some interval in the sense of (42) (for statistically homo-
geneous composites) and (5) (for statistically homogeneous and isotropic composites). In the paper, a frame-
work has been set to study the uncertainty of the moduli of the composites. Theoretical, experimental, and
numerical investigations on the macroscopic uncertainty of the eﬀective moduli of various practical random
systems should be pursued to yield the respective quantitative results. There we derive the explicit theoretical
estimations for random trigonal polycrystals. The respective numerical results for a number of aggregates sug-
gest that the macroscopic moduli of most materials may be determined within the accuracy of two or three
signiﬁcant digits.
The concept of eﬀective moduli appears not a complete one. Our admissible in situ ﬁelds required to satisfy
Hill condition (28) do not cover all the possible ones, and the in situ apparent moduli Cer, Ce, Cr may fall out
the limits (41) set by the bench mark uniform boundary moduli CT, CU [generally we have just the partial esti-
mations (32), (36) and the relation (24)]. The in situ ﬁelds e*, r* may ﬂuctuate strongly on o V near the sharp
corners and edges of the constituent inhomogeneities, hence they may have boundary values far from the uni-
form ones. How could that contribute to increase the uncertainty of the macroscopic moduli (in the large RVE
limit)? This should be another interesting subject of further studies.
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